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sinkAbstract In this paper, we proposed a new mathematical model for investigating the momentum
and heat transfer behaviour of Jeffrey, Maxwell and Oldroyd-B nanoﬂuids over a stretching surface
in the presence of transverse magnetic ﬁeld, non-uniform heat source/sink, thermal radiation and
suction effects. The governing boundary layer partial differential equations are transformed into
nonlinear ordinary differential equations by using similarity transformation and solved numerically
by using Runge–Kutta based shooting technique. The effects of non-dimensional governing param-
eters on the ﬂow and heat transfer are discussed with the help of graphs. Numerical values of the
skin friction coefﬁcient and the local Nusselt number are computed and discussed. We found an
excellent agreement of the present results by comparing with the published results. Results indicate
that the Jeffrey nanoﬂuid has better heat transfer performance while compared with the Maxwell
and Oldroyd-B nanoﬂuids.
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The ﬂow and heat transfer of non-Newtonian ﬂuids have
attained a greatest importance due to their applications inindustry and engineering. Fluids that do not obey Newton’s
law of motion are called non-Newtonian ﬂuids. Tooth paste,
food products, waste ﬂuids, and form oil are some of the good
examples of non-Newtonian ﬂuids. The ﬂow and heat transfer
characteristics of non-Newtonian ﬂuids are quite different
from Newtonian ﬂows. Undoubtedly, the governing equations
represent the non-Newtonian ﬂuid ﬂows are highly nonlinear
and more complicated compared with the Navier–Stokes equa-
tions. Due to this high nonlinearity, closed form solutions for
non-Newtonian ﬂuid ﬂows are not possible for the problems
with practical interest. Jeffrey, Maxwell and Oldroyd-B
nanoﬂuids have their own importance due to their special
stress relaxation properties.retching
Figure 1 Physical model of the problem.
2 N. Sandeep, C. SulochanaChoi [1] was the ﬁrst person who introduced the concept of
nanoﬂuid by immersing the nanometer sized particles into the
base ﬂuid. Viscous dissipation and heat transfer effects of a
non-Newtonian ﬂuid over a nonlinear stretching surface were
discussed by Chen [2]. Sajid et al. [3] have illustrated the stag-
nation point ﬂow of an Oldroyd-B ﬂuid over a stretching sur-
face in porous medium. Hayat et al. [4] have studied the
convective heat transfer in two-dimensional boundary layer
ﬂow of an Oldroyd-B ﬂuid over a stretching surface in the
presence of radiation and found that the temperature proﬁles
of Oldroyd-B ﬂuid increase with the increase in radiation
parameter. MHD ﬂow of Jeffrey nanoﬂuid over a stretching
surface with Brownian motion and thermophoresis effects
was discussed by Abbasi et al. [5]. In this study they found that
Brownian motion and thermophoresis parameters have ten-
dency to enhance the thermal boundary layer thickness. Non-
linear thermal radiation effect on Jeffrey ﬂuid ﬂow in the
presence of homogeneous–heterogeneous reactions was dis-
cussed by Raju et al. [6]. Further Raju and Sandeep [7]
extended this work for bio-convection ﬂow and analysed the
heat and mass transfer in non-Newtonian bio-convection ﬂow
over a rotating cone/plate.
The ﬂow of Jeffrey ﬂuid over an asymmetric rotating chan-
nel by using closed form solutions was investigated by Alla and
Dahab [8] and found that the magnitude of the shear stress is
high in symmetric channel compared with the asymmetric
channel. Akram et al. [9] discussed the consequences of nano-
ﬂuid ﬂow over an asymmetric channel. The inﬂuence of vari-
able viscosity on the non-Newtonian ﬂuid ﬂow over a
permeable inclined channel with slip conditions was presented
by Khan et al. [10]. Ellahi et al. [11] have studied MHD effects
on peristaltic ﬂow of a Jeffrey ﬂuid over a rectangular duct in
porous medium. Hayat and Ali [12] presented a mathematical
model for MHD peristaltic ﬂow in a tube and found that a
raise in the value of magnetic ﬁeld parameter declines the
momentum boundary layer thickness. Hayat et al. [13] pre-
sented a series solution for MHD boundary layer ﬂow of a
Maxwell ﬂuid over a permeable stretching sheet with suction
and injection effects. Raju et al. [14] studied the heat and mass
transfer in 3D non-Newtonian nano and Ferro ﬂuids over a
bidirectional stretching surface. An analytical solution for
axisymmetric ﬂow of a second grade ﬂuid over a stretching sur-
face was discussed by Hayat and Sajid [15]. Baris and Dokuz
[16] analysed the stagnation point ﬂow of a second grade ﬂuid
past a moving vertical plate. The ﬂow of Jeffrey ﬂuid near the
stagnation point over a stretching surface with convective
boundary conditions was discussed by Nadeem et al. [17].
An unsteady mixed convection ﬂow of a micropolar ﬂuid
over a stretching or shrinking sheet with non-uniform heat
source/sink was discussed by Sandeep and Sulochana [18].
Radiation and aligned magnetic ﬁeld effects on the ﬂow over
a stretching surface were studied by Raju et al. [19], and they
found that radiation parameter have tendency to increase the
temperature proﬁles of the ﬂow. Mehmood et al. [20] discussed
the stagnation point ﬂow and heat transfer characteristics of
micropolar second grade ﬂuid past a stretching surface.
Nadeem and Akbar [21] depicted the heat and mass transfer
in peristaltic motion of a Jeffrey ﬂuid in an annulus. Makinde
et al. [22] have studied an unsteady ﬂow of non-Newtonian
ﬂuid in a saturated porous medium with convective boundary
conditions. Hussain et al. [23] illustrated a steady two-
dimensional MHD Jeffrey nanoﬂuid ﬂow over an exponen-Please cite this article in press as: Sandeep N, Sulochana C, Momentum and heat tra
surface with non-uniform heat source/sink, Ain Shams Eng J (2016), http://dx.doi.otially stretching sheet in the presence of viscous dissipation
and thermal radiation and found a hike in thermal boundary
layer with the increase in the viscous dissipation parameter.
Inﬂuence of viscous dissipation on Couette–Poiseuille ﬂow
for pseudo-plastic ﬂuids was studied by Francisca [24].
Double diffusive mixed convection ﬂow of a viscoelastic
ﬂuid using weak nonlinear stability analysis was discussed by
Malashetty [25]. Makinde and Mhone [26] discussed nonlinear
ﬂow of an incompressible conducting viscous ﬂuid over con-
verging–diverging channels in the presence of uniform mag-
netic ﬁeld. Ibrahim and Makinde [27] studied the boundary
layer ﬂow and heat transfer of a nanoﬂuid over a stretching
surface. Hydro thermal behaviour of nanoﬂuid ﬂow due to
external heated plates was studied by Sheikholeslami [28].
The inﬂuence of suction on the ﬂow of nanoﬂuid over a cylin-
der was discussed by Sheikholeslami [29]. Sheikholeslami and
Rashidi [30] illustrated the heat transfer characteristics of
ferroﬂuid ﬂow in the presence of variable magnetic ﬁeld. Heat
transfer enhancement in nanoﬂuid for Lattice Boltzmann sim-
ulation was presented by Sheikholeslami et al. [31]. The effects
of magnetic ﬁeld on nanoﬂuid ﬂow, heat, and mass transfer
between two horizontal coaxial cylinders are studied by
Sheikholeslami and Abelman [32]. Magnetohydrodynamic
nanoﬂuid ﬂow in a cubic cavity heated from below is discussed
by Sheikholeslami and Ellahi [33]. Recently, the researchers
[34–40] discussed about the heat and mass transfer in MHD
nanoﬂuids in the presence of thermal radiation effect.
In this study we discussed the momentum and heat transfer
behaviour of Jeffrey, Maxwell and Oldroyd-B nanoﬂuids over
a stretching surface in the presence of transverse magnetic
ﬁeld, non-uniform heat source/sink, thermal radiation and
suction effects. The governing boundary layer partial differen-
tial equations are transformed into nonlinear ordinary differ-
ential equations by using self similarity transformation. The
ordinary differential equations are solved numerically by using
Runge–Kutta based shooting technique. The effects of non-
dimensional governing parameters on the ﬂow and heat trans-
fer are discussed with the help of graphs. Numerical values of
the skin friction coefﬁcient and the local Nusselt number are
computed and analysed.
2. Mathematical analysis
Consider a steady incompressible, laminar, hydromagnetic
ﬂow of Jeffrey, Maxwell and Oldroyd-B nanoﬂuids over a
stretching sheet. A transverse magnetic ﬁeld of strength B0 isnsfer behaviour of Jeﬀrey, Maxwell and Oldroyd-B nanoﬂuids past a stretching
rg/10.1016/j.asej.2016.02.008
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source/sink is taken into account. It is assumed that the surface
is heated by a hot ﬂuid at the reference temperature Tr. Mag-
netic Reynolds number is assumed to be very small so that the
induced magnetic ﬁeld is neglected. As per the aforesaid
assumptions the governing boundary layer equations are given
as follows [5,13]:
@u
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þ @v
@y
¼ 0; ð1Þ
u @u
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þ v @u
@y
¼k1 u2 @2u@x2 þ 2uv @
2u
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2T
@y2
 1ðqcpÞf
@qr
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The boundary conditions of the ﬂow are as follows:
u ¼ uwðxÞ ¼ cx; v ¼ Vw;k @T
@y
¼ hðTr  TÞ; at y ¼ 0;
u! 0; T! T1; as y!1;
ð4Þ
where u and v are the velocity components along x and y direc-
tions respectively, k1 is the relaxation time, k2 is the ratio of the
relaxation to retardation times, k3 is the retardation time, qf is
the density of the ﬂuid, r is the electrical conductivity, T is the
temperature of the ﬂuid, Tr is the reference temperature, k is
the thermal conductivity, h is the heat transfer coefﬁcient, a
is the thermal diffusivity of the nanoﬂuid, (qcp)f is the speciﬁc
heat capacitance, qr is the radiative heat ﬂux, q
000 is the non-
uniform heat source/sink and Vw is the suction velocity.
The problem is studied based on the following conditions:
(i) If k1 ¼ 0; k2 – 0; k3 – 0 then the problem represents
Jeffrey nanoﬂuid model.
(ii) If k1 – 0; k2 ¼ 0; k3 – 0 then the problem represents
Oldroyd-B nanoﬂuid model.
(iii) If k1 – 0; k2 ¼ 0; k3 ¼ 0 then the problem represents
Maxwell nanoﬂuid model.
The radiative heat ﬂux qr under Rosseland approximation
has the form [44]
qr ¼ 
4r
3k
@T4
@y
; ð5Þ
where r is the Stefan–Boltzmann constant and k is the mean
absorption coefﬁcient. The temperature differences within the
ﬂow are assumed to be sufﬁciently small such that T4 may
be expressed as a linear function of temperature. Expanding
T4 using Taylor series and neglecting higher order terms yields
[41]
T4 ﬃ 4T31T 3T41; ð6Þ
The space and temperature dependent heat generation/
absorption (non-uniform heat source/sink) q000 are deﬁned as
[18]
q000 ¼ kuwðxÞ
xtf
 
ðAðTw  T1Þf0 þ BðT T1ÞÞ; ð7ÞPlease cite this article in press as: Sandeep N, Sulochana C, Momentum and heat tra
surface with non-uniform heat source/sink, Ain Shams Eng J (2016), http://dx.doi.owhere A and B are parameters of the space and temperature
dependent internal heat generation/absorption. The positive
and negative values of A and B represent heat generation
and absorption respectively. To convert the governing equa-
tions into set of nonlinear ordinary differential equations we
now introduce the following similarity transformation
u ¼ cxf 0ðgÞ; v ¼ ðmfcÞ0:5fðgÞ; g ¼ ðc=mfÞ0:5y; hðgÞ
¼ ðT T1Þ=ðTr  T1Þ; ð8Þ
Using Eqs. (5)–(8), Eqs. (2) and (3) can be reduced into the
following nonlinear ordinary differential equations.
f 000 þ c2ðf 002  ff
0000 Þ Mð1þ k2Þf 0  ð1þ k2Þ½f 02  ff 00
þ c1ðf2f 000  2ff 0f 00Þ¼ 0; ð9Þ
1þ 4
3
R
 
h00 þ Pr fh0 þ Af 0 þ Bh ¼ 0; ð10Þ
with the transformed boundary conditions
f ¼ S; f 0 ¼ 1; h0 ¼ Bið1 hð0ÞÞ; at g ¼ 0;
f 0 ! 0; h ! 0; as g !1; ð11Þ
whereM ¼ rB20=qfc is the magnetic ﬁeld parameter, c1 ¼ k1c is
the Deborah number with respect to relaxation time, c2 ¼ k3c
is the Deborah number with respect to retardation time, k2 is
the ratio of the relaxation to retardation times, Pr ¼ tf=a is
the Prandtl number, A; B are the non-uniform heat
source/sink parameters, R ¼ 4rT31=kk is the radiation param-
eter, Bi ¼ ðh=kÞ ﬃﬃﬃﬃﬃﬃﬃﬃtf=cp is the Biot number and S ¼ Vw=ðvfcÞ0:5
is the suction parameter.
For engineering interest the shear stress coefﬁcient or fric-
tion factor ðCfÞ and local Nusselt number ðNuxÞ are given by
Re0:5x Cf ¼
1þ c1
1þ c2
f00ð0Þ; ð12Þ
Re0:5x Nux ¼  1þ
4
3
R
 
h0ð0Þ; ð13Þ
where Rex ¼ uwxtf is the local Reynolds number.
3. Numerical procedure
The nonlinear ordinary differential Eqs. (9) and (10) subjected
to the boundary conditions (11) are solved numerically using
Runge–Kutta based shooting technique [18]. We assumed the
unspeciﬁed initial conditions for unknown values, and the
transformed ﬁrst order differential equations are integrated
numerically as an initial valued problem to a given terminal
point. We have checked the accuracy of the assumed missing
initial conditions by comparing with the calculated value.
The calculations are carried out by the program using
MATLAB.
4. Results and discussion
The effects of dimensionless governing parameters namely
magnetic ﬁeld parameter (M), Radiation parameter (R), non-
uniform heat source/sink parameters ðA;BÞ, Biot number
ðBiÞ and Prandtl number ðPrÞ on the ﬂow and heat transfer
of Jeffrey, Maxwell and Oldroyd-B nanoﬂuids are discussednsfer behaviour of Jeﬀrey, Maxwell and Oldroyd-B nanoﬂuids past a stretching
rg/10.1016/j.asej.2016.02.008
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Figure 2 Velocity ﬁeld for different values of magnetic ﬁeld
parameter M.
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Figure 3 Temperature ﬁeld for different values of magnetic ﬁeld
parameter M.
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Figure 4 Temperature ﬁeld for different values of non-uniform
heat source/sink parameter A*.
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Figure 5 Temperature ﬁeld for different values of non-uniform
heat source/sink parameter B*.
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Figure 6 Velocity ﬁeld for different values of suction parameterS.
4 N. Sandeep, C. Sulochanaand presented through graphs. Also, the inﬂuence of non-
dimensional governing parameters on the skin friction coefﬁ-
cient and local Nusselt number is computed and presented
through tables. For numerical computations we considered
Bi= 0.8, Pr= 6.8, M ¼ R ¼ 1; A ¼ B ¼ 0:1; k2 ¼ c1
¼ c2 ¼ 0:5. These values are kept as common in entire study
except the varied values as shown in the respective ﬁgures
and tables.
Figs. 2 and 3 depict the effect of magnetic ﬁeld parameter
on the velocity and temperature proﬁles of the ﬂow. It is evi-
dent that rise in the magnetic ﬁeld parameter decreases the
velocity proﬁles and increases the temperature proﬁles of the
ﬂow. Generally, an increase in the magnetic ﬁeld parameter
develops the opposite force to the ﬂow, is called the Lorentz
force. This force has tendency to reduce the momentum
boundary layer and enhance the thermal boundary layer thick-
ness. It is interesting to mention here that the Jeffrey nanoﬂuidPlease cite this article in press as: Sandeep N, Sulochana C, Momentum and heat transfer behaviour of Jeﬀrey, Maxwell and Oldroyd-B nanoﬂuids past a stretching
surface with non-uniform heat source/sink, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.02.008
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Figure 7 Temperature ﬁeld for different values of suction
parameter S.
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Figure 8 Temperature ﬁeld for different values of radiation
parameter R.
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Figure 9 Temperature ﬁeld for different values of Biot numberBi.
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Figure 10 Temperature ﬁeld for different values of Prandtl
number Pr.
Table 1 Comparison of the values of f 00ð0Þ for different
values of S when c1 ¼ c2 ¼ k2 ¼ A ¼ B ¼M ¼ 0 and
Bi!1.
S Ferdows et al.[28] Rashidi et al. [29] Present study
0 0.677648 0.6776563 0.6776564
0.5 0.873643 0.8736447 0.8736448
0.75 0.984439 0.9844401 0.9844402
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with other two nanoﬂuids.
Figs. 4 and 5 depict the effect of non-uniform heat source/
sink parameter on the temperature proﬁles of the ﬂow. It is
clear from the ﬁgures that an increase in the values of A*, B*
increases the temperature proﬁles of the ﬂow. It is also
observed that the inﬂuence of A is high on Jeffery nanoﬂuid.
Maxwell nanoﬂuid is highly inﬂuenced by B. The positive
values of non-uniform heat source/sink parameters act like
heat generators. Generating the heat causes to release the heat
energy to the ﬂow and hence develops the temperature proﬁles
of the ﬂow. This agrees with the general physical behaviour of
heat source parameter.
Figs. 6 and 7 illustrate the effect of suction parameter on
the velocity and the temperature proﬁles of the ﬂow. It is
observed that with the increase in the suction parameter we
noticed depreciation in the velocity and the temperature
proﬁles of the ﬂow. It is also observed that the Oldroyd-B ﬂuid
is highly inﬂuenced by suction parameter compared with the
Maxwell and Oldroyd-B nanoﬂuids. This agrees with the
general physical behaviour of the suction parameter.
Figs. 8 and 9 show the effect of radiation parameter and
Biot number on the temperature proﬁles of the ﬂow. It is
evident that an increase in the values of the radiation parame-
ter and the Biot number enhances the temperature proﬁles of
the ﬂow. An increase in the radiation parameter releases the
heat energy to the ﬂow, and this helps to develop the thermal
boundary layer thickness. In the other hand an increase in thensfer behaviour of Jeﬀrey, Maxwell and Oldroyd-B nanoﬂuids past a stretching
rg/10.1016/j.asej.2016.02.008
Table 2 Variation in h0ð0Þ for different values of non-dimensional governing parameters.
M Bi A* B* Pr R S Jeﬀrey nanoﬂuid Maxwell nanoﬂuid Oldroyd-B nanoﬂuid
1 0.435636 0.438034 0.443663
2 0.420487 0.427144 0.432374
0.8 0.435636 0.438031 0.443663
1.0 0.489933 0.493123 0.500159
0.5 0.404978 0.402621 0.411013
1.0 0.366656 0.358360 0.370201
0.5 0.413934 0.418101 0.424561
1.0 0.377838 0.386214 0.393942
6 0.418081 0.421167 0.426474
7 0.439695 0.441919 0.447617
0.5 0.477979 0.478002 0.484435
1.0 0.435636 0.438031 0.443663
0.2 0.506525 0.504719 0.509317
0.4 0.556877 0.553511 0.557459
Table 3 Variation in f 00ð0Þ for different values of non-
dimensional governing parameters.
M Bi R S Jeﬀrey
nanoﬂuid
Maxwell
nanoﬂuid
Oldroyd-B
nanoﬂuid
1 1.210458 1.504151 1.071019
2 1.431584 1.804788 1.248081
0.8 1.210458 1.503993 1.071019
1.0 1.210458 1.503993 1.071019
0.5 1.210458 1.503993 1.071019
1.0 1.210458 1.503993 1.071019
0.2 1.296682 1.742481 1.192779
0.4 1.394069 2.070379 1.348249
6 N. Sandeep, C. Sulochanavalue of Biot number enhances the heat transfer coefﬁcient,
and these causes to enhance the temperature proﬁles of the
ﬂow. The effect of Prandtl number on the temperature proﬁles
of the ﬂow is displayed in Fig. 10. It is clear that an increase in
the Prandtl number declines the temperature proﬁles of the
ﬂow. This is due to the fact that with the increase in the
Prandtl number causes to increase the viscosity of the ﬂuid,
which causes to enhance the wall friction along with the ther-
mal conductivity. Due to this reason we have seen fall in the
temperature proﬁles of the ﬂow.
Table 1 shows the comparison of the present results with
the existed results of Ferdows et al. [42] and Rashidi et al.
[43]. Under some special conditions, present results have an
excellent agreement with the existed results. This shows
the validity of the present results along with the accuracy of
the numerical technique we used in this study. Table 2 shows
the variation in local Nusselt number at different non-
dimensional governing parameters. It is evident that an
increase in the magnetic ﬁeld parameter, non-uniform heat
source or sink parameter and thermal radiation parameter
depreciates the heat transfer rate. But for higher values of Biot
number, Prandtl number and suction parameter we noticed a
hike in the local Nusselt number. Table 3 displays the variation
in the skin friction coefﬁcient at different non-dimensional
governing parameters. It is observed that a raise in the values
of magnetic ﬁeld parameter and suction parameter depreciates
the friction factor. But an increase in the radiation parameterPlease cite this article in press as: Sandeep N, Sulochana C, Momentum and heat tra
surface with non-uniform heat source/sink, Ain Shams Eng J (2016), http://dx.doi.oand Biot number does not shown signiﬁcant variation in the
skin friction coefﬁcient.
5. Conclusions
This study presents a numerical solution to analyze the
momentum and heat transfer behaviour of Jeffrey, Maxwell
and Oldroyd-B nanoﬂuids over a stretching surface in the pres-
ence of transverse magnetic ﬁeld, non-uniform heat source/
sink, thermal radiation and suction effects. The governing
boundary layer partial differential equations are transformed
into nonlinear ordinary differential equations by using self
similarity transformation and solved numerically. The conclu-
sions of the present study are made as follows:
 Biot number and suction parameter have tendency to
enhance the heat transfer rate.
 Jeffrey nanoﬂuid has better heat transfer performance while
compared with the Maxwell and Oldroyd-B nanoﬂuids.
 Rise in the value of the magnetic ﬁeld parameter reduces the
friction factor.
 Increasing values of the non-uniform heat source or sink
parameters enhances the thermal boundary layer thickness.
 Higher values of radiation parameter increase the tempera-
ture proﬁles of the ﬂow.Acknowledgement
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